
N O T A T I O N  

x,  y ,  z a re  the Car tes ian  coordinates ;  
T ,  v a re  the per turba t ions  of t emp e ra tu r e  and z component of veloci ty;  
@ is the potential  of magnet ic  field per turba t ions ;  
M is the magnet izat ion of liquid; 
H is the magnet ic  f ield intensity;  
/~o is the magnet ic  permeabi l i ty  of vacuum; 
X is the magnet ic  suscept ibi l i ty;  

is  the dynamic v iscos i ty ;  
}, is  the t he rma l  conductivity;  
~t is the t he rma l  diffusivity;  
g is the acce le ra t ion  due to gravi ty;  

is the volume coefficient  of expansion; 
K is  the pyromagne t ic  coeff icient ;  
l is the l aye r  th ickness ;  
T is the t empe ra tu r e  gradient;  
k = [kx, ky, 0] is the wave vec to r ;  

is the sur face  tension;  
o" = - ( l t o t # ' ~ T ) /  

~*; ~ is the re la t ive  magnet ic  permeabi l i ty ;  
F is the amplitude of per turba t ions  of f r ee  surface .  
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The effect  of t he t empe ra tu r e -dependen t  e l ec t r i ca l  conductivity of the liquid and the finite wall 
thickness  and the t he rma l  conductivity on stabil i ty is investigated in a l inear  formulat ion.  

In [1] the convect ive instabil i ty of a liquid layer  in a magnet ic  field was invest igated,  taking into account 
the finite wall  thickness and the rma l  conductivity. In the p resen t  work ,  stabil i ty of this type is investigated 
taking account of the t empe ra tu r e  dependence of the e lec t r i ca l  conductivity. 

1.  F o r m u l a t i o n  o f  t h e  P r o b l e m  

Consider  an infinite hor izonta l  l aye r  of e lec t r i ca l ly  conducting liquid of thickness B, the e l ec t r i ca l  con-  
ductivity of which depends l inear ly  on the t empera tu re  ~ = ~0o [ 1 + ~ (T--To~) ] under  the condition that 
la(T--T00)l<<! [2]. The walls  bounding the l aye r  have the same fInite thickness and the rma l  conductivity 
kl. The t e m p e r a t u r e s  at the ex te rna l  su r faces  of the watts  a re  given to be constant ,  but different  (T 1 is the 
t empe r a tu r e  at the lower  wall  and T 2 at the upper  wall). In the y d i rec t ion ,  a constant ex terna l  e l ec t r i c  field 
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Fig. 1. Cr i t i ca l  number  
R ,  as a function of ~O with 
a 1 = 0.1 fo r  d i f ferent  
values of H: 1) H = 0.5; 2) 
8.5. 

of s t rength E 0 is applied, and in the x d i rec t ion  a constant magnet ic  field of induction B. The magnetic  field 
induced by the cur ren t s  flowing through the liquid a re  assumed small  in compar i son  with the externa l  field 
under  the condition 

~oooEob K( 1, Re,n (~ I, 
B 

where  P0 is the magnet ic  permeabi l i ty ;  Re m is the magnet ic  Reynolds number.  

The equi l ibr ium state is c h a r a c t e r i z e d  by the following dis tr ibut ion of quantit ies marked  by the sub-  
sc r ip t  0: 

Vo=0,  E o = E  o(0, Eo, 0), Bo=Bo(B, 0, 0), 

Po=%oEoBz +const, To=_SzZ ._ S ( 1 + 2 , ) - - 1  ( z + ~ ) + l .  (1) 
2 , +  1 

Here  S = %oE2obZ/2~.AT cha rac t e r i ze s  the cu r ren t  s t rength;  AT = Tt - T2; ~ = kbl/ktb cha rac t e r i ze s  the heat 
conduction of the liquid and the wall [1]; k is the the rmal  conductivity of the liquid. 

In a l inear  formula t ion ,  the initial  sys tem of equations for  the per turbat ion  takes the fo rm [1-4] 

Ou Op , 
P O--t = Ox -r- ,aAu, (2) 

Ov Op +~thv__(YooB(C)~ ) POt Oy ~ + vB , (3) 

Ow _ Op ( c9~ --wB ) --  EoBcr + pg~T, (4) P Ot Oz +/ tAw+%~ Oy 

o_~_u_ or a-E~ = 0, (5) 
Ox ~- @ + Oz 

%oA~ __ %o B ( Ow Ov ) __ Eo Oo ay az ~ = o, (s) 

0% ~ + dz w = ~ 2 ~ o o E o  -0y 

o" = %oaT. 

(7) 

(s) 

All the notation here  is as commonly used. 

2 .  P e r t u r b a t i o n  E q u a t i o n  f o r  V e r t i c a l  V e l o c i t y - V e c t o r  C o m p o n e n t .  

P e  r t u r  b a t i o n - M o n o t o n i c i t y  C o n d i t i o n  

Different ia t ing Eqs. (2), (3), and (4) with r e spec t  to x ,  y ,  and z ,  r e spec t ive ly ,  adding them,  and using 
Eq. (5), the following re la t ion is obtained: 
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( ) 0T 8v + O w  O o  + p e p _ _  = 0 .  
- -  A p  - -  ~oo B 2 - ~ y  - ~ z  - -  EoB Oz Oz 

It follows from Eqs. (4) and (9) that 

O Aw a~v 
P 0------~ = l~AZ~ + ooo B ~ ~ -- EoBA~o + oooB - -  

ayOz 

02 a" 
A~--  H - - -  

ax z a ~  

Using  Eq. (6), the fo l lowing  r e s u l t  is obta ined  f r o m  Eq. (10): 

aAq~ 

Oy 
oooB2Aiw + gp[JAtT, 

( 9 )  

( to)  

aAw _ _  __ BZ p - -  = ~Asw-- EoB O~r O~w Ooo + gp[iAtT. (11) 
Ot Ox z Ox z 

Applying the operator 0/~t - ~ - K) to both sides of Eq. (11), and using Eqs. (7) and (8), the following equa- 
tion is obtained: 

- - x A - - K )  - - v A  A w = - -  a00B__~* 0 _ x A _ K  • 
Ot 9 

x Ozx + 2o~oE~Bcx 03q ) EoBaoo~ [ BoooEo dTo~  • 
0:~ z pScp OZxOy p ~ pcp dz I 

X ~ -- g[J dT.______~_o Asw -- - 2~ g~ 0Astp jr 2a~E~SgA~w , (12) 
Ox z dg pcp Oy pc~ 

where  x = - -  ; K =  , v = - - .  
pcp pcp p 

The solution of Eq. (12) Ia sought in the form [I, 21 

w = IV (z) cos (aWb) cos (a2y/b) exp nt, 

T = 0 (z) cos (atx/b) cos (a:y/b) exp nt, 

<p = 11 (z) cos (alx/b) sin (oay/b) exp at. 

Then a single equation for the amplitude and the perturbation is obtained: 

[ M P 1/ : - -  ( D2--a *) - -  A I [ M P -1 /  ~ - -  ( D 2 - -  a2)] (D 2 - -  a ~) W' = 

= H 2 [M P l/2 - -  (D 2 - -  a ~) - -  AI a~W - -  2AH2a~ IV - -  2AH ~ a~a~. 11+ 
BO 

+ 2gb~E2~ 'a'a~ 
~,v TI - -  [L(l/2 - -  g) + ~RIa~W - -  R2a2W+ [Ra (1/2 - -  g) + q~RlI a2W, (13) 

where 

- - ,  ~ ,  ~ = - - ;  
D =  d~ z 

M---- ntP ; H 2 ao~ �9 A -  a~176176 �9 
(• i / 2 ~ 

R E~176176 , Ri  g~tPAT ~ = __ 1 = . _ _ ;  ; 
mL • 2#f + I 

R2 = 2a~EoB~lgb' gtib~a~176176 �9 L --- a2~176176 
~,v ; Rs=  • ' ~ •  

If the inf luence of Joule  hea t ing  m a y  be neg lec ted ,  the t e r m s  conta in ing  A ,  L ,  and 1R a d rop  out of  the 
r i g h t - h a n d  s ide of Eq. (13). T h e n ,  fo l lowing [2], it m a y  be shown that  in the case  of  hea t ing  f r o m  below 071 > 
T2) , the principle of monotonic change in stability is satisfied provided that 

EoBaoo~ ~ pg~l. (14) 

88 



In con t ras t  to the case  where  the t e m p e r a t u r e  dependence of the e l ec t r i c a l  conductivity is neglected [11, 
the fac t  that a = 0 means  that  Eq. (14) is a lways sa t i s f ied .  At sufficiently la rge  e l ec t r i c a l  f ield s t rength  and 
magne t ic  induction, there  may  then be osc i l la t ions  in the liquid dur ing heat ing f r o m  below, whereas  dur ing 
heat ing f r o m  above the osc i l la t ions  a r e  quenched ff Eq. (14) is sa t i s f ied  (in the p a r t i c u l a r  case  when B = 0 or  
E 0 = 0). 

In the genera l  c a se ,  it is a s s um ed  that  the pr inc ip le  of monotonic change in s tabi l i ty  is sa t is f ied.  If the 
condition [a~s -W00)l  << 1 is to be sa t i s f ied ,  then it  is n e c e s s a r y  to have ~[ << 1 [31, when all  the t e r m s  contain-  
ing A may be neglected in Eq. (13), and it may  be a s s u m e d  that  M = 0. The re su l t  obtained is 

(D 2 - -  a *) [(D 2 - -  aZ) 2 + H2a~] W = - -  a~RQW, (15) 

where  

a~ ( I / 2 - - ~ ) - - R . - -  r q - -  ~ , 0 / 2  - ~) + r - ~ a-~ a~ ' 

%~ g~b2E~ ; R6= gi~P ; RT- 2bg~ 
R~ -- LA T ; R5 = ~B~zA T EoBc~%o ~zcpA T " 

The boundary conditions fo r  solid s u r f a ce s  take the f o r m  

W = D W  ~- [(Da--a2) ~ --  HZa~] W = 0 when ~=0, 1. (16) 

Note that  se t t ing  $ = 0 and fl = 0 in Eq. (15) gives the case studied in [3], and ~ = 0 gives the case  studied in i l l  

3. B u b n o v - G a l e r k i n  M e t h o d  

A v e r s i o n  of the B u b n o v - G a l e r k i n  method is used to solve Eq. (15) with the boundary conditions (16) 
[4, 5]. It is e/~pedient to r ep lace  Eq. (15) by the s y s t e m  

Y = [(D ~ --a2) ~ + Ha~] W, (17) 

(D~ - -  a9  F = - -  al ~ / ? q W .  (18) 

The solution of Eq. (17) is sought in the f o r m  

F = ~] E,~ sin m ~ ,  (19) 
t r t ~  1 

where  E m a r e  constant.  It  is obvious that  Eq. (19) sa t i s f i es  the condition F = O when ~ = 0, 1. 

Next ,  W is wr i t t en  in the f o r m  of a series. .  

(20) 

Substituting Eqs.  (19) and (20) into Eq. (17), an equation fo r  de te rmin ing  W m is obtained: 

[(D z - -  aZ) z & H~a 2] Wm = sin m~t~ (21) 

with the boundary conditions 

where  

W m---DWm = 0  when ~ = 0 ,  I. 

The genera l  solution of Eq. (21) takes  the f o r m  

IV~ = 7~ -~ (A,~ cos ~2~ ch ~t~ -i- Bm cos ;%~ sh ) ~  + Cm sin ~ ch ;q~ + D~ sin ; ~  sh ;q{ + sinm a~), 

2 2 ?r~ = ( m~n2 + a2) 2 + H a l ;  )~t .~ ~{1/2 [(a~+ a~I-12)l, '2 • a~]}l/2. 

The constants  A m ,  Bin,  Cm,  and D m a re  de te rmined  f r o m  the boundary conditions (22): 

A,~ --- 0, B m =  - -  ~T' (m~ + ~Cm), 

Cm = [m~ {(-- 1) ~+l ~l - -  ~z sin ~ sh ;~l + ;~i cos ;% ch ~i - -  

(22) 

(23) 
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- -  (L~ cos ~ sh Lt + ;q sin Z2 ch Z, [ ctg ~)I/[(Z~ + ~ )  sin ~.2 sh Zt - -  

- -  (L~ cos L~ sh Z t + ~.t sin Z2 ch ~l) (~ cth ~- i"  Z2 ctg ~)1, 

Dm = ZT l Imn ctg ~ ~ Cm (Xl cth Zt ~ Zz ctg ~)l. 

Substituting Eqs.  (19) and (20) into Eq. (18) yie lds  

~ E =  [(m~ 2 + a 2) sin m *x~ ~ a~ RQI Wm = O. 

Multiplying F-xl. (24) by sin l~r~ and in tegrat ing with r e spec t  to g f rom 0 to 1, a sys tem of homogeneous l inear  
equations fo r  E m is obtained: 

(24) 

where  

F o r  a nontr ivial  solut ion,  the de te rminant  of the coefficients must  be zero :  

i V.~ ( n ~  2 + a s) (25) 

I 

Equation (25) gives the c r i t i ca l  number  R, ,  which c h a r a c t e r i z e s  the t empera tu re  dependence of the e l e c -  
t r i ca l  conductivity [2], as  a function of the p a r a m e t e r s  of the problem.  F o r  fixed R4, Rs, R6, l~ .and  ~, using 
a f o u r t h - o r d e r  approximat ion (l = 4), the c r i t ica l  number  R ,  is found, as well  as the corresponding minima 
of the wave numbers  a ,  (for f ixed a l) and a t .  (for fixed a,).  

Calculations on an ES-1022 computer  show that R ,  d e c r e a s e s  with inc rease  in a 1. In the case of no Joule 
heating,  as  expected,  the c r i t i ca l  number  R ,  i nc reases  with r l~e in ~ and H (Fig. 1). 

U, V, W 
T,  p, 
k, ~, v, B 

P 
g 

= pp 

N O T A T I O N  

a re  the veloci ty components along the x,  y ,  and z axes;  
a re  the t e m p e r a t u r e  and p r e s s u r e ;  
a r e  the the rmal  and e l ec t r i ca l  conductivi ty,  kinematic  v iscos i ty ,  volume-expansion coefficient;  
is the densi ty;  
is the acce le ra t ion  due to gravi ty;  
is  the coeff icient  taking into account  change in conductivity of the liquid with t empera tu re ;  
is the pe r tu rba t ion  of e l e c t r i c  f ield s t rength;  
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